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Abstract 



We investigate various aspects of the plane wave geometries obtained from 
Dl/D5-brane system. We study the effect of Hopf-duality on the supersymme- 
tries preserved by the Penrose limit of AdSs x S 3 x T 4 geometry. In type-IIB 
case, we first show that the Penrose limit makes the size of the 'would-be' 
internal torus comparable to that of the other directions. Based on this ob- 
servation, we consider, in taking the Penrose limit, the generalization of the 
null geodesic to incorporate the tilted direction between the equator of 5 3 and 
one of the torus directions. For generic values of the tilting angle, supersym- 
metries are not preserved. When the limit is taken along the torus direction, 
16 supersymmetries are preserved. For the ordinary Penrose limit, 16 generic 
and 8 'supernumerary' supersymmetries are observed. In the Penrose limit of 
Hopf-dualized type-IIA geometry, only 4 supersymmetries are preserved. We 
classify all the Killing spinors according to their periodic properties along some 
relevant coordinates. 



1 Introduction 



As a testing ground for the truly stringy realization of AdS/CFT duality jl], the plane 
wave geometry recently stood in the spotlight. It has appeared in the supergravity 
context as one of the maximally supersymmetric solutions for D = 11, M = 1 super- 
gravity 0. Actually the plane wave geometry is contained in any spacetime as the 
tangent geometry to an arbitrary null geodesic ||. By taking the so-called Penrose 
limit to get this tangent space, one can reach the plane wave geometries from any ge- 
ometries of D — 10, 11 supergravity theories j|, ||, especially from any near-horizon 
AdS geometries of type IIB superstring theories and M-theory |], [7] . One important 
property in these plane wave geometries is that they preserve maximal number of 
supersymmetries, 32 (i.e., the same number of supersymmetries as that of the AdS 
geometries) 0, ||. 

Composite D-branes have more exotic property concerning the supersymmetries; 
the Penrose limit of their near-horizon geometries allow more supersymmetries than 
their AdS partners do [|K| p[. As for the D3/D3-brane intersection, there are 16 
supersymmetries in its near horizon geometry, i.e., AdS% xS 3 x T 4 . In the Penrose 
limit, 8 extra supersymmetries, coined as 'supernumerary' ones in Ref. [HJ, appear. 



Related issues were discussed in Refs. HT21 ITSl 



The purpose of this paper is to investigate various aspects of plane wave geometries 
obtained from Dl/D5-brane system. We first consider the general cases where null 
geodesic involves the torus direction as well as the sphere direction in taking the Pen- 
rose limit. We then examine the supersymmetry properties of the resulting geometry. 
Next, we study the behavior of the supersymmetries (including the supernumerary 
ones) under the Hopf-duality acting on the plane wave limit of AdS% x S 3 x T 4 geom- 
etryQ. All the Killing spinors obtained above are classified according to their periodic 
properties along those coordinates which inherit periodicity from AdS% x S 3 x T 4 
geometry. We shall work in the context of low energy effective action of type-II 
superstring theories. 

The size of torus, T 4 is usually considered negligibly small compared to the other 
factors of the geometry. Therefore all the Kaluza-Klein momentum modes except the 
zero mode are suppressed along the torus directions due to large mass gap. However 
in the Penrose limit, the torus size becomes comparable to that of the other factors of 
the geometry. This is because the Penrose limit focuses on small region just around 
a geodesic followed by null rays ||. As we will see explicitly in Section the first 
leading order of the metric is of order 1/R 2 in the limit. We cannot a priori exclude 
higher Kaluza Klein modes around the torus in such a limit. These modes could 
provide another kind of R-charge in the dual CFT. Hence it makes sense to tilt the 

1 T-duality commutes with the Penrose limit Q. The Hopf-duality is a T-duality along the Hopf 
fiber direction of odd dimensional sphere [fl5|| . In the case at hand, it is a nontrivial duality which 
results in AdS^ geometry in type-IIA theory p6| . 
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direction of null rays to incorporate the torus direction in taking the Penrose limit. 
(Conventionally the direction of null rays is taken along the equator direction of the 
S 3 .) 



It was shown in Ref. [|Tj] that T-duality does preserve the Killing spinors when 
they are independent of the dual coordinate. In their argument, the dimensional 
reduction was essential. T-duality rules are simplified in the case of dimensional 
reduction; the supersymmetry transformation equations can be recast in a manifestly 



T-duality invariant form in terms of low dimensional theory (see |17j for details). 
In this setting, the condition for the Killing spinors becomes coincident with the 
condition for the supersymmetries to be preserved by the dimensional reduction; the 
Killing spinor survives dimensional reduction when its Lie derivative in the Killing 
direction used for the dimensional reduction vanishes. 

In general, the dimensional reduction is an easy way to achieve the isometry that 
is necessary for T-duality. However in the Hopf-duality, the fiber direction is al- 
ready a Killing direction. We need not assume small fiber size to write the metric 
in the Kaluza-Klein style. The 3-sphere metric in the new coordinates is completely 
of Kaluza-Klein style, where Kaluza-Klein gauge field does not depend on the fiber 
coordinate (see Appendix 0). The question we may raise at this point is that what 
happens to the Killing spinors which depend on the coordinate associated with the 
isometry used for Hopf-duality. Some Killing spinors which depend on the dual co- 
ordinate may survive duality ||. However, in this paper we show that this is not 
the case. All the Killing spinors which survive duality do not depend on the dual 
coordinate. 

The coordinates of plane wave geometries arising in the Penrose limit inherit their 
periodic properties from the original coordinates of the near horizon geometry. This 
is in contrast with the situation of the plane wave solution obtained in Ref. [[| where 
the Penrose limit was not used at all. In our case, the Killing spinors should respect 
the periodicity of some relevant coordinates. This condition may eliminate some of 
the solutions satisfying the Killing spinor equations. We show in detail which spinors 
survive this condition. 

The paper is composed as follows. In Section ^|, we define the Penrose limit 
focusing on the region around the tilted null geodesic. For an arbitrary tilting angle 
a, the geometry becomes that of plane wave. In Section [|, we obtain explicitly the 
Killing spinors for type-IIB geometry discussed in Section |2|. In Section |J we perform 
Hopf-duality on the configuration of Dl/D5-brane system. The near horizon geometry 
in the resulting type-IIA configuration is AdS 3 x S 2 x T 5 . In Section [| we obtain 
the Killing spinors for the Penrose limit of type-IIA geometry obtained in Section f|. 
The Killing spinor equations are more involved due to the presence of several different 
kinds of fields. In Section |6|, we examine whether the obtained Killing spinors are 
compatible with the periodicity of some coordinates. In Section [7|, we discuss the 
origin of the supernumerary supersymmetries and the effect of the Hopf duality. The 



2 



paper is concluded with some remarks on future works. 

In appendices we collect some useful formulas relevant in this paper. Appendix [A| 
summarizes the Killing spinor equations of type-IIB supergravity discussed in Refs. 
19| . In Appendix [B], we obtain the explicit expressions for the Killing spinors 



in the AdS% x S 3 x T 4 background, written in global coordinates. Appendix con- 
tains the Killing spinor equations of type-IIA supergravity. Some old but relevant 



literatures on these are Ref. [20, JFf\ . See also Ref. [^2] for more modern format. In 
Appendix 0, we show explicitly how to obtain the Hopf-fibration of three sphere. 

Our main results £1X6 cLS follows: For generic values of the tilting angle, super- 
symmetries are not preserved. If the limit is taken along the torus direction, 16 
supersymmetries are preserved. For the ordinary Penrose limit, i.e., when the tilting 
angle a = 0, 16 generic and 8 'supernumerary' supersymmetries are observed. In 
the Penrose limit of Hopf-dualized type-IIA geometry, only 4 supersymmetries are 
preserved. We classify all the Killing spinors according to their periodic properties 
along the periodic coordinates. 



2 Penrose limit of Dl/D5-brane near horizon ge- 
ometry 

We begin with Dl/D5-brane system: 

ds 2 = (#i# 5 )~^ (~dt 2 + dxfj + H?H~~ 2 dx l + ( H i H s)^ E dx i ■ C 1 ) 



i=6 i=l 



i 



Here the harmonic functions Hi and H$ in four transverse directions (r 2 = X D are 

i=i 

given as follows: 

H, = fl. = l + »^. (2) 

9 

We keep v = ( n Ri) l a ' 2 finite, with Xi ~ X{ + 2f[R i} (i = 6, • • • , 9), hence consider N 5 

of D5-branes wrapping around four-torus of the string size. The system produces the 
dilaton field e~ 2 ^ = H{ 1 H 5 and the Ramond-Ramond (RR) three form field strength 
= — * dH$ — dHi 1 A dt A dx§. (* denotes the Hodge dual in the transverse flat 
spatial four dimensions.) 

We now consider the near horizon limit keeping a' finite. In the region r 2 <C 
ga'Ni/v, ga'N 5 ,we have 

Hl ~^, J/.~^. (3) 
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For the lengths ga'Ni/v, ga'N^ to be comparable with each other, Ni/v and N$ 
should be of the same order. Let us denote their finite ratio, the 'near horizon' value 
of the string coupling e^, as 



It is well-known that the geometry factorizes as Ad S3 x S 3 x T 4 in this near horizon 
region; 

ds 2 = ^ (-dt 2 + dxl) + ^dr 2 + R 2 dtt\ + CE dx 2 . (5) 



The sizes of AdS^ and S 3 are equal and are given by R 2 = ga'y Nl ^ 5 . With the 
extension of the AdS$ part using the global coordinates, one obtains the metric, 

ds 2 

-jp = ~ cosh 2 p dt 2 + dp 2 + sinh 2 p dtp 2 

C 9 

+ cos 2 9 dip 2 + d6 2 + sin 2 9 d X 2 + ^ dx ^- ( 6 ) 

^ i=6 

The RR three form field strength becomes 

F (3) = 2 ga'N 5 (cosh p sinh p dt A dp A dip + cos sin 8 dip A d6 A dx) • (7) 

Now we take the Penrose limit. With the hindsight that we cannot neglect the 
size of the torus, we consider tilted null geodesic: 



( $ \ — f cos a ~ sm a 1 ( ^ 1 
\xq/RJ ysina cos a J ^Xq/RJ ' 

The Penrose Limit is defined as follows. We first define new coordinates 



(8) 



«=» + +S. *=* ?=|. w 

and take the large R limit keeping I 2 = i? 2 (C — 1) finite. Then the leading order terms 
of the metric becomes^ 

ds 2 = —Adx + dx~ — [z 2 + y 2 cos 2 a + I 2 sin 2 a) (<ix + ) 2 

9 

+dz 2 + dy 2 + z 2 d<p 2 + y 2 dx 2 + (sin 2 a + ( cos 2 a) dx 2 ; + ( ^ dx- (10) 

i=7 



2 In the conventional Penrose limit, all the transverse coordinates (to the lightcone coordinates) 
are scaled uniformly, thus all the topological features are sent to infinity. However here, the torus 
part is intact about the scalings p = z/R, 9 = y/R, and keeps its topological feature. In this sense, 
the limit we are taking is not just a Penrose limit, rather a double scaling limit. 
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The RR three form field strength becomes 

F (3) = 2 ga'N 5 ( 4^ dx+ A dz A dip + cosa^-dx + A dy A dx) • (H) 
V -ft it / 

As we see above, the size of the torus is comparable to the other parts of the geometry. 
We cannot neglect the Kaluza-Klein modes, which justifies our proposal to take the 
angular momentum direction tilted. Hereafter, for convenience, we abbreviate the 
component g ++ to — Ti. and introduce Cartesian coordinates, Xi(i — 2, • • • , 9) as 

dz 2 + z 2 d<p 2 = dx\ + dx\, dy 2 + y 2 dx 2 = dx\ + dx 2 , 

(sin 2 a + C c °s 2 tt ) dx\ = dx\, (dx 2 = dx 2 , (i = 7, 8, 9). (12) 

5 

We may set in general, 7i — Yl Aijx l x J + constant. 

i=2 



3 Supersymmetries in type-IIB case 

In order to count the number of unbroken supersymmetries, we need to solve the 
Killing spinor equations. In vanishing fermion backgrounds, the Killing spinor equa- 
tions (in the Einstein frame) of type-IIB supergravity are summarized as [18|] 

6X = -^T KLN G KLN e = 0, 

5^m = V M e + ^ (T M KLN G KLN - 9T ln G M ln) e* = 0, (13) 

where the Roman indices K, L, • • • are pertinent to ten dimensions. The 577(1, 1)- 
invariant 3-form fields, 

G = 2z(~^ {dx + A dx 2 A dx 3 + cos a dx + A dx 4 A dx 5 ") , (14) 

are constructed from the RR 3-form field strengths of Eq. flTT| ) and the dilaton field 
(p. Details are given in Appendix |A]. The orthonormal frame is 

2dx~ + —dx 

e W = C"W, (z = 2, • • ■ , 9) (15) 

with respect to which gamma matrices in Eq. (fL3|), written in the coordinate frame, 
are recast as 

2 

r 4 = c^r (i) , (i = 2,-..,9). (16) 



r + = rM r (+) + y r (-))' r_ = 2r*r ( _) 
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The upper indexed gamma matrices are 

r+ = t*r<+\ r- = (~j r(+) + l rh) ) > r ' = C*r (i) , (i = 2, ■ ■ ■ , 9). (17) 

The covariant derivatives T>m in the plane wave background ( [TOD are 

D + = a f + ~3iWr H(i) , D_ = <9_, A = d i; (i = 2,--.,9). (18) 
In the orthonormal frame, the Killing spinor equations become 

5\ = ^ (rWM + cosa rww®) 6 = 0, 

ety+ = <9 + e - UwrWWe - - (rH r « + 4) (r^ 3 ) + cosar^W) e* = 0, 
= «9_e = 0, 

% = d t e + ittie* = 0, (i = 2,---,9). (19) 
In the last equation, the matrices Qi are given by 

q 2 = i r w( 3 ' (s + cosar^ 3 ^ 5 )) = ir<+>< 8 \ 

fi 3 = _I r (+)( 2 ) (3 + cosaT^ 3 )^ 5 )) = -IrW( 2 ), 
8 V '2 

fi 4 = i r (+)(B) (3cosa + r^ 3 ^ 5 )) = -rW® cosa, 
8 ^ '2 

Q 5 = _i r (+)(4) (Scosa + r^ 3 ^ 5 )) = -IrW( 4 )cos«, 
8 V ^2 

n i = o, i = 6, •••,9, (20) 

which were simplified by using the dilatino condition 5X = 0. The complex Weyl 
spinor e can be written in terms of two Majorana-Weyl spinors as e = e\ + 262. In 
ten dimensions, one can use purely real representation of the Clifford algebra, which 
results in 

djdit = -iVLidjt = SUSl^e = Q 4 %e = (i = 2, • • • 5). (21) 

We use Sipi = in the first equality, and r^ + ^r^ + ) = in the last equality. Therefore, 
e is linear in x\ (i — 2, ■ ■ ■ 5) and independent of x~ , x\ (i — 6, • • • 9); 

5 

e = r)(x + ) -i^fi;?7*(x + )x\ (22) 

i=2 
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Plugging this result into the first two equations of Eq. (|19D , we have 



Cl r (+) (r^ + cosoT^Wf^ 1 
d+Vi 

d+m J 2 
•9+^71 

^2 



^(r^ + cosar^ 5 ))®^^^ 

i ® ai ( tl ) + [^^ r(+)W " \ ( r(2K3) + C ° S ar(4K5) ) n 



(23) 



1 



0. 



where the first equation comes from the dilatino condition and the second (third) 
equations are due to the terms of the gravitino equation, which are independent 
(dependent) of the coordinates x l ,i = 2, •■■5. The 2x2 identity matrix 1, and 
the Pauli matrix <j\ act on the column index I = 1,2 of T]i. The second equation 
determines the dependence of rji(x + ) on the coordinate x + as 







^ = exp 


\rj2(x + ) 



x n 



(r^ + cosarw®)®^ 



(24) 



where T]i, I = 1, 2 are constant 16-component Majorana-Weyl spinors. The other 
conditions in Eq. ( p3|) are recast into the conditions on the constant spinor fj as 



( r (+)( 2 )( 3 )+cosar( + )( 4 )( 5 ))r // = 0, 

Qh - 1) rw«% = o, (< = 2,3), 

(/ii - cos 2 a) r (+)W % = 0, (i = 4, 5), 



(25) 

where we set = fiiSij. 

If r( + 'fji = 0, all the Killing spinor equations are satisfied. This projects out 
half of the constant spinors. Therefore when no coordinate is periodic, there are 
16 unbroken supersymmetries in the generic case. From the other sixteen spinors 
fji and f\i satisfying T^fjj = 0, it is possible to obtain additional Killing spinors. 
The first equation of Eq. ( p5f) reduces to r^'^'^'^'fji = cos a fjj implying cos 2 a = 
1. The remaining Killing spinor equations are satisfied if = 1, (i = 2, ••-,5). 
This means that there are eight extra supersymmetries under the conditions fii = 
1, (i = 2, • • ■ , 5). Note that the metric of Eq. ( |j"U| ) automatically satisfies the above 
conditions. Boosting the lightcone coordinates as x + —>■ x + fi, x~ —>■ x~ fi 
change the result because it does not only add extra factor fi 2 to all /ij, (? 



1 does not 
= 2,---5), 



but also changes the RR field of Eq. (|TT|) by a factor fj, so that Eq. (p5|) remains the 
same. Since some coordinates are periodic, we should call our special attention to the 
periodic properties of the Killing spinors. This will be discussed in Section 0. 
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4 Hopf-duality and Ad S3 in type-IIA supergravity 

Here we perform Hopf-duality on the D-brane configuration we considered in the 
previous sections, to obtain a type-IIA configuration^. Hopf duality is a T-duality 
along the U(l) fiber direction of the odd dimensional sphere ||16|| . For the case at 
hand, it is based on the following Hopf fibration of a three-sphere: 



l=\dnl + — (l s dx + Is A) 2 , (l 2 s = a'), where dQ 2 2 = dd 2 + cos 2 Bdi\) 2 . (26) 



The field strength JF of the Kaluza-Klein gauge field A = l s A is given in terms of the 
Kahler two form J = d&2, as T = —l s J. The explicit derivation is given in Appendix 
0- 

Taking T-duality along x-direction on the geometry (|l|), we get the following string 
metric. 

1 _! 9 

ds 2 st = {H X H^ (-dt 2 + dx 2 ) + H£H 5 5 dx 1 



i a 



/2 



+ (tfxtfs) 5 [dr 2 + -dn 2 2 j +A{H x Hs)-*—dt. (27) 

The RR 3-form field in type-IIB theory splits into a RR 2-form field F^ and a RR 
4-form field 

F® = ^gl a N B d£t 2 , 

F (4) = -2gl s a'^j-r- 3 H{ 2 dt A dr A dx 5 A d% (28) 

The Kaluza-Klein gauge field along ^-direction becomes Neveu-Schwarz (NS) field to 
produce H^ 3 \ The dilaton field </>' in type-IIA theory was determined such that the 
invariant measure \f—g s t e ^ of type-II string frame is invariant under the T-duality: 

H (3) = a'dtt 2 A dx, 

e* = 2E\utn s lr. (29) 
In the near-horizon, the geometry becomes AdS$ x S 2 x T 5 : 
ds 2 

— - = — cosh 2 p dt 2 + dp 2 + sinh 2 p dip 2 

+1 (cos 2 9 # 2 + d9 2 ) + ^-df + £ dx 2 , (30) 



3 In Ref. Jlq ], this was done in six dimensional truncated theory. In this paper, we work in full 
ten dimensions for completeness and the procedure becomes even more simplified since the standard 
T-duality rules of ten dimensions are applicable. 
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where —tt/2 < 9 < tt/2. The other fields become in the near horizon limit 

F (2) = -~gl s N 5 cosOd^ A dS, 

F^> = —2gl s a'N 5 cosh p sinh p dt A dp A dip A dx, 
H (3) = -a' cos 6 dtp A dd A dx, 

e*' = 2R/gl s N 5 . (31) 



5 Supersymmetries in type-IIA case 

We would like to see if the Penrose limit results in extra supersymmetries in type-IIA 
case also. Taking the Penrose limit as follows 

, X~ 7p , X~ 

t = X + B?' 2 =% ~W 

z 6 x 4 Rx 5 1/2 _ 

p = — , - = — , v = , C ' Xi — Xi. (32) 

H R' 2 R' A 2a' ^ K ' 

we get the following plane wave geometry, 
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ds 2 = -4dx + dx~ - (x\ + xl + Ax\) (dx + ) 2 + ^ dx 2 . (33) 



2=2 

In the same limit the RR fields and the NS field behave as 



gl s N b 

4, 



F(2) = _y^p Ldx+ Ad - 
R 



F (4) = _9j^ dx+ 
R 

H@) = -2dx + A dxi A dx 5 . 



A dx2 A dxa A dx$, (34) 

R 



It seems that only the NS field survives in the large R limit. However, as we 
will see below, these fields appear in the Killing spinor equation with appropriate 
dilaton factors so that all the fields survive in the large R limit. The main difference 
between the geometry of type-IIA theory and that of type-IIB theory is that the metric 
component g ++ = —7i is a function quadratic only in three coordinates £ 2 , 23, 24. 

In type-IIA supergravity, the bosonic part of the Killing spinor equations are sum- 
marized in Appendix (see also Ref . [21], |22| ) . Here, all fermions are represented by 



Majorana spinors. The relation of gamma matrices in the coordinate frame and those 
in the orthonormal Einstein frame is basically the same as Eqs. (]T6| , |T7[) except that 
( is replaced by the 'near horizon' value of type-IIA string coupling = 2R/gl s N b . 
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With the explicit expressions of form fields (|3~3"D and fl34|) , the Killing spinor equations 
reduce to 



V25X 



A (^Ir(+)(4)(5) _ 3p(+)(4) , i r (+)(2)(3)(5) r lA = q 

V2 8 8 / 

d+e _ ^ s . r (+)« e _ 4x 4 r«( 4 ) e + IrH r w + r< 4 >) r n e 

i=2 ^ 
+ I f r (4)(5) r ll _ I r (4)pU + I r (2)(3)(5)\ e = q 



<^ = <%e - IV = (« = 2, •••9), 



where 



(35) 



(36) 



with (03,62) = («3,6 3 ) = (1,1), (04,64) = (0,-1), (05,65) = (2,1), and (a 6 ,6 6 ) = 
■■• = (09,69) = (—1,-1/2). Here e is a Majorana spinor composed of two Weyl 
spinors of opposite chiralities. 

Since c^c^e = fijf^e = 0, (i, j = 2, ■ • • 9), the Killing spinor e is at most linear in 
these coordinates; 



6 [ X . X% 



(37) 



8=2 



Inserting this expression into the first and the second equations of Eq. fl35|), we get 

( 4r (+)(4)(5) _ 3 p(+)(4) + r (+)(2)(3)(5) r ll) ^ x+) = 0> 



a + 77(x+) + ir^r^ (2r^ 5 ) + r< 4 >) r 11 ^) 

+ I (" r (4)(5) r ll _ I r (4)pll + l r (2)(3)(5)\ / 



-^Uk (2T^ + r (4)) r ii 



8=2 



0. 



Q. r (4)(5)pll _ l r (4)pll , ip(2)(3)(5) 

2 2 



]T r (+)(4) x 4 - AT {+ ^x A ) V {x + ) = 0. 

1=2 ) 



The second equation determines x + -dependence of the Killing spinor; 



T)(x^ 



exp 



ii 



_r(-)r(+) (2r (4){5) + r (4) ) r 



( r( 4 )( 5 )r n - Ir (4) r n + Ir( 2 )( 3 )( 5 A 

2 V 2 2 J 



(3? 



(39) 
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where r/ is a constant spinor. The third equation is specified as 



r W(+)(5) r?(x + ) = 0, (i = 2,3), 

lr^ v (x + ) = o, 

r « ( 4r (+)(5) _ 5r (+)) 7? (x + ) = 0, (z = 5,-..,9). (40) 

One can easily see that the same conditions apply to the constant spinors fj. Therefore 
only the constant spinors satisfying T^fj = generate the solutions of the Killing 
spinor equations fl35|) . Due to this condition, the linear dependence of the solutions 
(PT|) on the coordinates, Xi, (i = 2, • • • , 9) disappears. If the coordinate x + is not 
periodic, 16 supersymmetries are preserved and there is no supernumerary super- 
symmetry. However, the coordinate x + inherits its periodicity from the coordinate V>, 
thus the solutions should respect the periodicity. In the next section we will elaborate 
on this point. 



6 Periodicity of the Killing Spinors 

The coordinates of the plane wave geometries of Eqs. (|T0|) , (j33|) inherit their periodic- 
ities from the original coordinates of the near horizon geometry. Since the transition 
functions of the spin manifold are given in terms of the spinor representation of the 
Lorentz group SO(9, 1), the Killing spinor should be either periodic or anti-periodic 
along those compact directions (see p. 276ofRef. |Tj| for details). This may eliminate 
some of the solutions we have constructed so far. 



6.1 IIB Case 

Let us consider type-IIB case first. The periodic coordinates are 

(x + } xj ~ ( x + + irk cos a — 7Tn ^ srn a i x ~ ~ nkR 2 cos a + ttuRRq sin a 

i 

x 6 ~ x 6 + (sin a + ( cos a) 2 (27rkR sin a + 27inR 6 cos a) , 

x i ~x t + 2nR i C 2 ) (i = 7,8,9) (41) 



where k,n 6 2£. Their periodicities are compatible with l ip ~ ip + 27r/c' and l x§ ~ 
X6 + 27rni?6'- The Killing spinor e in Eq. (P2|) depends only on the periodic coordinate 
x + . Then the (anti-)periodic condition reduces to 



exp 



■p (rim) 

+ cos a 

r (4)(5)\ g, 



0"! 



V2J \V2. 

p = — hm k cos a — n — sm a = — cos a. 42 
P 2 fl-oo V R J 2 K ' 
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The upper/lower sign corresponds to the periodic/anti-periodic condition. The re- 
sulting Killing spinors are always periodic for the cycle (k,n) = (0,1). Expanding 
the exponent, we get 



sin 



P r (2){3) ® a 1 ± sin (/3cosa)r (4)(5) 



cos (3 ± cos (P cos a)} 



It follows from repetition of this eigenvalue equation 



sin P sin (/3 cos a) r (2)( 3 )(4)(5) + cos P cos(/?cosa) =f 1 



0. 



(43) 



(44) 



which implies r^ 2 ^ 3 ^ 4 ^ 5 ^/ = £ r\i. The value of £ can be either +1 or —1. Thus the 
condition satisfying Eq. ( ji3() is summarized as 



fc 



' 2m 



— (1 — £ cos a) cos a = < 



periodic case (P), 



m G 



2m + 1 anti-periodic case (A). 



(45) 



For the unit cycle (k,n) = (1,0), the range of the cosine function allows m = 
only. When cos a = or cos a = £, only the periodic spinors are possible, while the 
anti-periodic spinors are possible when cos a = — £. 

Table 1. summarizes the result for type-IIB case: When cos 2 a = 1, i.e. when 
the Penrose limit is taken purely along the 3-sphere direction, there are 24 Killing 
spinors. Eight of them are periodic for the cycle (k,n) = (1,0), satisfying T^ + 'fji = 
and r( 2 )( 3 )( 4 )( 5 ) rjj = cos a r\i , another eight Killing spinors are anti-periodic for 
the cycle (k,n) = (1,0), satisfying T^r// = and r^ 3 )^ 5 ) rji = — cos a rjj. The 
other eight Killing spinors satisfying T^fjj = and r^'^'^'^fji = cos a f\i are 
'supernumerary' ones and do not depend on the coordinate x + , thus are periodic for 
the cycles (1, 0). When cos a = 0, i.e., the Penrose limit is taken purely along one of 
the torus directions, only 16 Killing spinors satisfying T^f]j = are possible. They 
are periodic for the cycle (k, n) = (1, 0). As for the cycle (k, n) = (0, 1), all the above 
Killing spinors are periodic. When cos 2 a ^ 0, ±1, no (anti-)periodic Killing spinor 
is possible. 

6.2 II A case 

Now we find Killing spinors of type-IIA case which are compatible with the periodic 
coordinates; 



, x , x 



(x + + vr/2, - nR 2 /2) 
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cos a 


r(+) or r (_) 




(1,0) 


(0,1) 


number of Killing spinors 




T (+ 'r] = 


1 


p 


P 


8 




1 




-1 


A 

A 


i > 

r 


8 


24 




1 1 >rj = (J 


1 


i ) 

r 


i > 

r 


8 








-1 






(J 




(J 


1 V ^ ; r] = U 


1 


i > 

r 


i > 

r 


8 


16 






-1 


P 


P 


8 






rw-rj = o 


1 


A 


P 


8 




-1 




-1 


P 


P 


8 


24 




T^r/ = 


-1 


P 


P 


8 








1 












Table 1: a is the mixing angle between the S^-direction and the Indirection, r^ 2 ^ 3 ^ 4 " 5 ^ = £ fj. 
(1,0) or (0, 1) denotes the the cycle (k,n). Character 'P' denotes 'periodic' while 'A' denotes 'anti- 
periodic'. 



a' 



X 5 ~ X 5 + 87T- . 

Xi ~ Xi + (i = 6, • • • 9) . (46) 

The first equation corresponds to the periodic coordinate ip ~ ip + 2n and the second 
equation concerns the periodic fiber coordinate x ~ X + 4vr. As was discussed in Sec. 
|5], the linear dependence of the Killing spinors on the coordinates X{, (i = 2, ■ • • , 9) 
disappears when we impose the condition T^fj = 0. The (anti-)periodicity condition 
along the coordinate x + , may be transcribed into the following condition for the 
constant spinors fj, 



exp 

Expanding the exponent, we get 



1 ( r(4)(5) r ll _ I r (4)pll , I r (2)(3)(5)\ 

4 V 2 2 / 



rj = ±fj. (47) 



(! _ r (4)(5) r ll) L os + r (2)(3)(4)(5) r ll 

+ C os 2 - ((i - r (2){3)(4)(5) r n ) + (r (4) r n - r (2)(3){5) 



fj = ±2fj. (4£ 



Noting that cos7r/4 = l/y/2 is an irrational number, we may split the equation 
j) into two parts, one with cos(7r/4) and the other without; 

( 1 + r (2)(3)(4)(5) r ll) // = 0; (4Q) 
1 _ r (5) _ p(2)(3) f 1 + r (5)\\ ^ = ±2f} (5Q) 
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The second equation (|50|) may be rewritten as 

(1 + r (5) )(1 + r ( 2 )(3) )r?= |0_ (P), (51) 

Note that since (r( 2 )( 3 )) 2 = —1, it cannot have real eigenvalues. It readily implies 
that in the anti-periodic case we do not have a solution and in the periodic case we 
have one only when 

(r (5) + l) f} = 0. (52) 

Recalling that the constant spinors are subject to the condition T^fj = 0, we find 
that Eqs. (f49|) and (p^) yield 4 unbroken supersymmetries in this type-IIA case. All 
these 4 Killing spinors are periodic along x + -directions. 



7 Discussions 



It seems appropriate to give some thought to the reason why 'supernumerary' Killing 
spinors are generated in the Penrose limit of AdS% x S 3 x T 4 . In Ref. |[L0|| , these 
supernumerary supersymmetries were shown to be related to the linearly realized 
world-sheet supersymmetries of the lightcone superstrings on the corresponding back- 
ground. Here we give a more direct and explicit explanation for the supernumerary 
supersymmetries as follows. By a simple coordinate transformation, we can relate the 
gamma matrices based on the global coordinates of Ad S3 x S 3 (see Eq. (|64"D in 
Appendix |TJ) with the gamma matrices of (|T7|) constructed for the corresponding 
plane wave geometry: 

7 (0) = ( R -^) cosh P r« + ^Lcoshprn 

7 (1) = (i2+^)cos0r< + >-^cos0r<-\ 

7 (2) = cos<^T (2) + sin^r (3) , 
R sinh p 



7 (3) 



Z 

7 W = cosxr (4) +sinxr (5) 

2/ v 7 
Note that in the Penrose limit (j^j, both and coalesce to a projector, i? 
and the dilatino condition flSSP changes as follows: 



(-sin<pr {2) +cos<pr (3) ) 



liT 1 ^ ( 7 (°)( 2 )( 3 ) + 7 ( 1 )(4)(5)) e = 

~c*r« (r (2)(3) + r (4)(5) ) e = o. (54) 
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As a consequence, the operator becomes factorized into T« and (r^ 3 ) + T^ 5 )) . 
Each of them can annihilate the spinor e separately. This opens up a new possibility 
to obtain additional Killing spinors. 

Let us make a few remarks on the periodicity analysis carried out in this pa- 
per. Throughout the analysis, Penrose limits with generic values of tilting angle 
(cos a 7^ 0, ±1) turned out to give nonsupersymmetric plane wave geometries. The 
same analysis also excluded 12 aperiodic spinors out of 16 Killing spinors of the Hopf- 
dualized geometry. These results seem to be in contradiction with the assertion made 
in Ref. 0: the number of supersymmetries of a supergravity background never de- 
creases in the Penrose limit. A few words on this 'seeming' contradiction are in order. 
First, the paper J7| did only consider local properties of supergravity configuration 
and not the global properties including the periodicity of the Killing spinors. Before 
the periodicity analysis, our results were perfectly in agreement with their assertion. 
Second, the periodicity of the Killing spinors is not a hereditary property in their 
sense. This can be easily understood by looking at the Killing spinors ([7T|) of the 
original AdS geometry. Those Killing spinors are all anti-periodic along several pe- 
riodic coordinates. However, most coordinate dependency (except x + -dependency) 
disappears in the Penrose limit making the spinors periodic along those coordinates. 
The reason why we have to look into the periodicity of the Killing spinors is as follows. 
As is also said in Ref. M, one can always identify the points between AdS geom- 
etry (!]) and the plane wave geometry (|10|). A periodic array of points in the AdS 
geometry remain still as a periodic array in the Penrose limit, although the period 
becomes rescaled in general. This implies that the periodic property of the geometry 
is hereditary although the periodicity of the Killing spinors is not. The spinor fields 
over the geometry should definitely respect these periodic properties of the geometry. 

Let us now discuss the effect of Hopf-duality on the Killing spinors. As we observed 
before, the standard Killing spinors depend at most on x + due to the condition 
;p(+)^ = o, both in type-IIB and type-IIA cases. Especially, the periodic Killing 
spinors are constant ones. Since x + looks independent of the fiber direction \ along 
which the T-duality is taken, we are apt to conclude that the standard Killing spinors 
may be kept intact by Hopf duality^. However, this is misleading. There are two 
important points we overlook easily. First, the fiber coordinate is not x but x as we 
see in Eq. ( |77D of Appendix [D]. Making use of Eqs. ©, (|32"D , and (|76|), one obtains 



the following relation, 

XB = \{t + ^) = \{t+\{4> + X)) =xt + \x, (55) 

where we set a = in type-IIB case. The subscripts A, B distinguish between the 
lightcone coordinates x + 's in type-IIA case and those in type-IIB case. This equa- 

4 the supernumerary Killing spinors of type-IIB case depend only on the transverse coordinates 
x l , (i = 2, • • • , 5), with which the fiber direction is concerned. 
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tion reveals that the anti-periodic standard Killing spinors may depend on the fiber 
coordinate x- Second, e transforms as a spinor. Even for the periodic Killing spinors, 
this fact does not immediately support our naive expectation. Although the standard 
periodic Killing spinors are constant ones in type-IIB coordinates, they may depend 
on x when they are written in terms of type-IIA coordinates. In order to fix the re- 
lationship between the type-IIA spinors and the type-IIB spinors, we need the spinor 
representation of the nonlinear diffeomorphism between (x^BjXsb) and (x^a, x 5 a)- It 
is expected to be very involved to get an explicit expression of the spinor representa- 
tion since the coordinate transformation is given in terms of the polar coordinates as 
in ©. 

The resulting 4 Killing spinors survived Hopf-duality, depend only on the coor- 
dinate x\, which is independent of the coordinate % Therefore no Killing spinor 
depending on the dual coordinate x survives Hopf-duality. It requires further analy- 
sis on the spinor transformation to understand the precise relationship between the 
Killing spinors in type-IIB and those in type-IIA under the Hopf T-duality. We may 
save this for a future work. 

We conclude this paper with some outlooks on future works. Being a symmetry 
of the superstring theory, T-duality is believed to preserve supersymmetries in the 
context of full string theory. However at the level of low-energy effective supergravity, 
it may break supersymmetries. One good example is given by AdS^ x S 5 case ||15| 
which arises as near horizon limit of D3-brane geometry. At the level of supergravity, 
Hopf-duality along the Hopf fiber direction over CP 2 breaks supersymmetries com- 
pletely. Although there is no spin structure on CP 2 , Hopf fibration of S 5 itself does 
not break supersymmetry because it is no more than renaming the coordinates. On 
CP 2 may we introduce a generalized spin structure to takes care of the Kaluza-Klein 
charges with which charged spinors are well-defined. Since Hopf-duality transforms 
these Kaluza-Klein gauge fields into the NS two-form fields, the supersymmetries in 
the dual theory can be seen only when string winding modes are included. We expect 
that the same is true for the system studied in this paper. 

It would be also interesting to understand the supernumerary supersymmetries in 
the context of boundary CFT. Recently the duality between superstrings in the plane 
wave background obtained from the near horizon geometry of Dl/D5/Fl/NS5-brane 
system and the orbifold CFT on the boundary was studied 0, ||, ||. Since the 
system is S-dual to D1/D5 system and their near-horizon geometries are the same, 
we expect that a similar supersymmetry enhancement may occur in the boundary 
orbifold CFT. 
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A Killing spinor equations in type-IIB SUGRA 

The fermionic fields in type-IIB supergravity are composed of the dilatino fields A 
and the gravitino fields ipM- Both fields are complex Weyl spinors. At the tree level, 
the unbroken supersymmetries are manifested by the the invariance of the above 
fermionic fields under the possible super transformations (See ]19| for details about 
this argument). In the vanishing fermion backgrounds, they are (in the Einstein 
frame) [|l^] 

5X = zT M e*P M - i-Y KLN G KLN e = 0, 

5^ M = V M e + 1 (T M KLN G KLN - 9T LN G MLN ) e* 

+ I^ rMl '" M5F ^- - M ^ Mt = °> ( 56 ) 

where complex Weyl spinors satisfy T^ipM = ipM, T^ 11 ^ = e, and r( n )A = —A. A few 
remarks are in order. Type-IIB supergravity, being an extended supergravity theory, 
possesses a noncompact global symmetry SU(1, 1) with U(l) as its maximal compact 
subgroup. The scalar fields V a ± of the theory parametrize the coset SU(1, 1)/U(1): 

V 1 - V\\ 1 f(-f + i)e^ (- r + i)e--\ 
\/ 2 _ V\) 2^/r 2 \{-f-i)e lu {-r-i)e- iv )' K > 

where the auxiliary real scalar field v can be fixed to v = by the local U(l) symmetry. 
The complex field r is associated with the RR zero form field and the dilaton 
field as r = + ie~^. The field Pm appearing in the above dilatino condition is 
SU(1, l)-invariant quantity constructed from V a ±: 

Pm = -e aP V\d M V\. (58) 

The SU(1, l)-invariant three form field G in the gravitino condition is constructed as 

G = -e al3 V\FP = ^ (dC^ - rdB®) . (59) 

\P2 V ' 



17 



Here RR two-form field C (2) and NS two-form field 5 (2) constitute the SU(l, 1)- 
doublet as 



F 2 = (F 1 )* = -dC®-idB<®. (60) 

B Killing spinors in the AdS% x S 3 xT A background 

In this section we give explicit forms of the Killing spinors in the AdS$ x 5 3 x T 4 
background. In Ref. [P5[| , the Killing spinors in various AdS p x S q backgrounds are 
constructed in the horospherical coordinates. However in this paper, the Penrose 
limit is defined in terms of the global coordinates. Thus, it is more useful to write 
the Killing spinors in global coordinates. It would help us to understand the origin 
of supernumerary supersymmetries. 

The orthonormal frame for the Einstein metric is composed of 



e (°) = (-iRcosh pdt, e« = C~*flcos0#, e< 2 ' = (~*Rdp, 



= £ 4Rsinhpd(p, 
e (t) _ £~4(^2 dxi, (i = 6. 


= c 


9). 




e (5) 


= £ tRsm 9 dx, 


The covariant derivatives are 












V t = d t + ^sinhp7 (0 )( 2 ), 




. = dp, 




= d v - 


• ^ cosh p 7 (2 ) ( 3 ), 


Vip = d^- -sin6>7(i)(4), 




= d e , 




= d x - 


— COS 9 7(4) (5) j 



(61) 



Vi = di, (i = 6,---,9). (62) 

The gamma matrices in the coordinate frame and those in the orthonormal frame 
are related to each other as 

I\ = R(~^ cosh p 7(0), r^, = i?C"3 cos 07(1), T p = i?C"3 7(2), 

T v = R(~^ sinhp7 (3) , T e = R(~^ 7 (4) , r x = i?(~ 3 sin07 (5 ), (63) 

r< = C'7(i)7 (z = 6,---,9). 

and 

r* = i2- 1 C'cosh" 1 p7 (0) , ^ = i?" 1 C^cos- 1 07«, r" = i2- 1 C^7 (2) , 

= J R- 1 C^sinh- 1 p7 (3) , T e = i?" 1 C 3 7 (4) , r x = i?" 1 (i sin -1 9 7®, 
r i = C~'7 (<) , (i = 6,-.-,9). 

(64) 
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The SU(1, l)-invariant three-form field G is 

G = HC^q a'N 5 (cosh p sinh pdt A dp A dip + cos 6 sin 6 dip A d6 A dx) ■ (65) 
In the vanishing fermion background, the dilatino condition is 

5\ = -<$ g a 'N 5 (r' w cosh p sinh p + T^ x cos 9 sin 0) e 

= l _ R -^\ ( 7 W( 2 )( 3 ) + 7 (DW(6)) e = o. (66) 

The gravitino conditions are 

<ty t = $e - 1 sinhp 7 (0){2) e - % ~ coshp (3 7 (2){3) + 7 ( )«( 4 )( 5 )) e* = 0, 
2 8 ^ ' 

^ = d f e - X - sin 7 «( 4 ) e - | cos (3 7 ^ 5 ) + 7 (°X 1 X 2 )(3)) e * = 0, 
ty p = d p e+ % - (3 7 (0)(3) - e * = 0, 

tf^, = d v e - l - coshp^e - l - sinhp (3 7 (°)( 2 ) + 7 «( 3 )( 4 )( 5 )) e * = 0, 
5^ = d e e + l - - 7 (°)( 2 )( 3 )W) e* = 0, 

<ty x = 8 x e - I cos 6^ e - % - sin 9 + 7 (°)( 2 )( 3 )( 5 )) e * = 0, 

2 8 ^ ' 

<% = d ie = 0, (i = 6, • • -9). (67) 

The last equation tells us that the Killing spinors are constant around the torus, T 4 . 
With the dilatino condition, 

( 7 (0)(1)(2)(3)(4)(5) + !) e = o, (68) 
the first six gravitino conditions become simplified as 

with tt t = sinhp 7 (0)(2) <g> 1 + coshp 7 (2)(3) <g> a 1 , 

Q p = _ 7 (O)(3) 0(Ji) 

= coshp 7 (2)(3) <g> 1 + sinhp 7 (0)(2) ® cri, 
fi^ = sin 7 (1)(4) ® 1 + cos 6 7 (4){5) <g> (7i, 

ft fl = - 7 (!)( 5 ) (g, (Ji, 

fi x = cos 9 7 (4){5) <g> 1 + sin 9 7 (1){4) <g> (Ji, (69) 
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(70) 



one can easily obtain the following Killing spinors: 

e = e -|7 (0)(3) ^i e |7 (2)(3) ^i+f7 (2)(3) ®i . 

The constant spinors eo are constrained only by the dilatino condition; 



(71) 



( 7 (0)(2)(3) +7 (l)(4)(5)) eo = _ 



(72) 



Hence there are 16 unbroken supersymmetries which are anti-periodic for the cycles 
of the global coordinates, 



C Killing spinor equations in type-IIA SUGRA 

In the vanishing fermion background of type-IIA supergravity, the dilatino condition 
and the gravitino conditions for the unbroken supersymmetries are 



= V M e + le-* Hjfi> M2Ma (T M M ^ M * - 95^T M ^) T u e 

+ ^F { £m 2 m 3 m 4 (r M *»*** - y«T M2M3M4 ) e = 0, (74) 



where the spinor e is of Majorana but not of Weyl. Here 0' is the dilaton field of 
type-IIA supergravity and the three-form field, = dB^ is the NS field strength. 

D Hopf-fibration 

We consider a 3-sphere and construct an explicit form of the Hopf-fibration. A 3- 
sphere is described by the following metric: 



(p ~ if + 2ir, 



ip ~ ip + 2n, 



X ~ X + 2vr. 



(73) 



V25X 




dttj = cos 2 9 dip 2 + d0 2 + sin 2 9 d X 2 , 

< 6 < J, ip ~ ip + 27r, x ~ X + 2vr. 



(75) 
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Here the character f2 describing the sphere metric is not to be confused with the 
operators appearing in the Killing spinor equations. Introducing new coordinates 

as 



1 



0= - 9+- 



71 



* = I 
v 2 



+ X 



X 



71 - 71 



we get the following Kaluza-Klein type metric: 

= ~ \d£i 2 2 + (dx + X 2 



-\ 2 



(76) 



(77) 



Therefore 3-sphere can be represented as £/(l)-fibered 2-sphere, where the Kaluza- 
Klein field strength is determined as T = dA = — df^. 
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